Involvement
Given M → * β M 1 and σ : M 1 → β M 2 → β · · ·, we say that a redex R in M is involved in σ if a residual of R in M 1 is reduced in σ.
Developments
Let R be a set β-redexes in M . A β-reduction sequence σ from M is a development of R if each β-redex reduced in σ is either in R or a residual of some β-redex in R. Furthermore, σ is a complete development of R if R/σ is empty.
Development Separation
Given a λ-term M , M [x . . . , x] x is a representation of M in which all the free occurrences of x in M are enumerated from left to right in [x, . . . , x] . We write M [N 1 , . . . , N n ] x for the λ-term obtained by substituting N i for the ith free occurrence of x in M for i = 1, . . . , n.
Let M = (λx.M 1 )(M 2 ), R 1 be a set of β-redexes in M 1 , R 2 be a set of β-redexes in M 2 and R = {M } ∪ R 1 ∪ R 2 . For every development σ of R in which M is involved, σ(M ) is of the following form:
where σ 1 is a development of R 1 from M 1 and σ 2,i are developments of R 2 from M 2 for i = 1 ≤ i ≤ n.
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Canonicalization of Developments
For every development σ : M → * β N of R, there exists a canonical development cad(σ) : M → * β N such that for every R ∈ R, R is involved in σ if it is involved in cad(σ).
Proof of Canonicalization of Developments
The proof is by structural induction on M . We present an interesting case where M = (λx.M 1 )(M 2 ) and M is involved in σ. By Development Separation, sep(σ) is of the following form:
where σ 1 is a development from M 1 and σ 2,i are developments from M 2 for 1 ≤ i ≤ n. By induction hypothesis, we can define cad(σ) as follows:
Clearly, cad(σ) is canonical since both cad(σ 1 ) and cad(σ 2,i ) are canonical for 1 ≤ i ≤ n. Assume that R ∈ R is involved in cad(σ). Then it can be readily verified that R is involved in sep(σ). Hence, R is also involved in σ.
Standardization of Developments
For every development σ : M → * β N of R, there exists a standard development std(σ) : M → * β N such that for every R ∈ R, R is involved in σ if it is involved in std(σ).
Proof: This follows from canonicalization of developments immediately: std(σ) is obtained by a proper reshuffling of cad(σ).
Standardization Lemma
Given σ = σ 1 + σ 2 , where σ 1 is a standard development of R and σ 2 is a standard β-reduction sequence, we can construct a β-reduction sequence std 2 (σ 1 , σ 2 ) which standardizes σ.
Proof of Standardization Lemma (1)
By Development Separation, we have that the function std is defined on all developments. Let us define std 2 (σ 1 , σ 2 ) and prove that std 2 (σ 1 , σ 2 ) standardizes σ 1 + σ 2 by induction on |σ 2 |, |σ 1 | , lexicographically ordered. Clearly, for σ 1 , σ 2 , std(σ 1 , ∅) and std(∅, σ 2 ) can be defined as σ 1 and σ 2 , respectively. We now assume σ 1 = [R 1 ] + σ 1 and σ 2 = [R 2 ] + σ 2 , and we have two cases.
Proof of Standardization Lemma (2)
R 2 is a residual of some β-redex in R that is to the left of R 1 . Hence, σ 1 + [R 2 ] is a development. We define std 2 (σ 1 , σ 2 ) as follows:
R 2 is not a residual of any β-redex in R that is to the left of R 1 . Then we define std 2 (σ 1 , σ 2 ) as follows:
Standard β-Reduction Sequences
Given a β-reduction sequence σ of the following form:
we say that σ is standard if for all 1 ≤ i < j ≤ n, R j is not a residual of some β-redex to the left of R i . We say that σ s : M → * β N standardizes σ if σ s is a standard β-reduction sequence and for every R in M that is involved in σ s , R is also involved in σ.
Standardization Theorem
For every β-reduction sequence σ, we can construct a β-reduction sequence std 1 (σ) that standardizes σ.
Proof: Let us define std 1 as follows:
Conclusion
We have demonstrated some interesting uses of the development separation lemma, proving by structural induction on λ-terms that developments are Church-Rosser and can be standardized.
The Church-Rosser theorem in λ-calculus follows immediately. Also, we have employed the technique of development separation in establishing structurally inductive proofs for the standardization theorem, the conservation theorem and the normalization theorem.
